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Abstract 



Using a multiple integral representation for the correlation functions, we com- 
pute the emptiness formation probability of the XX Z spin-i Heisenberg chain 
at anisotropy A = i. We prove it is expressed in term of the number of 
alternating sign matrices. 



The Hamiltonian of the XX Z spin-^ Heisenberg chain is given by 

M 

H = i^m'^m+l + 0"mC^m+l + ^i^m(^m+l " 1)) ■ (1) 

771=1 
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Here A is the anisotropy parameter, o"^^'^ denote the usual Pauh matrices acting on the quan- 
tum space at site m of the chain. The emptiness formation probabihty r(m) (the probabihty 
to find in the ground state a ferromagnetic string of length m) is defined as the following 
expectation value 

r{m) = {%\ n — ^IV'^), (2) 
fc=i ^ 

where \^lJg) denotes the normalized ground state. In the thermodynamic limit (M — > oo), this 
quantity can be expressed as a multiple integral with m integrations [|l|, |2|, ^, ^. Recently, in 
the article Q, a new multiple integral representation for r(m) was obtained; for A = cosC, 
< C < vr, one has 

r(m) = lim .^T(m,{^j}), (3) 

where 



oo 



"^■-L n sinM^a -6) V2Csmh^(A, - A-^ / 



with 



sinh(A, - Cb) sinh(Aa - ^6 - <) ( = 



-^ sin C, 



Zmm,m-[n[ sinh(A. - a, - io s . , , • 

a=lfe=l ^ " nsmh(^a-^b) 

In this letter, we consider the particular case A = | (C = vr/3). Recently several interesting 
conjectures were obtained for the ground state of the model at this special value of the anisotropy 
parameter A ||6|, 0, ^, |9|. Note that the unitary transformation UH/\U~^ = —H^^, U = 

M 

n/=i cfj relates our Hamiltonian (||) for A = ^ to the case A = — ^ in Q. In particular, it was 
conjectured in Q that, in this case, the emptiness formation probability is equal to 

The aim of this letter is to give the proof of this conjecture using the representations 
Observe first that for C = vr/S, 

m'^ — m ^ 

7 (in in\ - (~^) ' TT sinh3(a -Ca) 

^mUA|,i^|J 2-^+- £sinh(C,-^Jsinh(e.-eb) 
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detr 



1 



^^^^ I - I ^sinh(Aj-g;, + f )^ 



Here we have used the identities, 



n 

n sinh(xj - Xk) sinh(yfc - yj) 
d^^n-^ r = ^-^ , , (8) 



sinhfxo — Vk) TT ■ i,^ ^ 



a, 6=1 

and sinh(3x) = 4sinh(x) sinh(a; + ivr/S) sinh(x — ii: /"i). Substituting (^) into @, we obtain 

^3i^- (-l)"^ -^ sinh3(C,-gJ . , 

V47r/ 2"^ m! ^^^^ sinh(^f, - 

(TX det„ ( i ^ I det„ ( — ^- ^ | . (9) 

Vsmh(A,-efc + f); " Vsinh(A,-efc)sinh(A, -C,,-f)y 

Due to the symmetry properties of the integrand, we can replace the first determinant with 
the product of its diagonal elements multiplied by m!. Then, we insert each of these diagonal 
elements into the corresponding line of the second determinant. By this procedure, the integrals 
over the variables A are decoupled and we can integrate each line of the determinant separately. 
Let us set = — ivr/G. We obtain 

^ (-,^3.".-- n f^ife^ ft 

X detm I / ^ — ^ I . (10) 

' ' 4^cosh(A-ej)sinh(A-efe -f )sinh(A-efc + ' ^ ' 



The computation of the integral over A in (|10|) leads to 

, r .^ (-l)"^ sinh3(eb-ea) 1 , /ssinh^ \ 

T(m, {eA) = ^ ^ TT ^ TT — — • detm ^ , . (11 

^ ^'^^ sinh(£,-£,) Ai^sinh(e,-eb) "^Uinhfc^' ^ ^ 
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To obtain the emptiness formation probability (^), one has to take the homogeneous hmit 
Ej 0. Using the fact that 



Jim ^det^/(^^-^^) = n\n!)-^det^[/(^+'=-^)(.) 
yl^y l\ixa-Xb)iyb-ya) "=0 

a>b 



z = x-y, 



we finally obtain 

^ m'^ —m m'^ -\-m , -m — r , . o 



m— 1 



n=0 



Qj+k-2 gij^j^l 

Qrj.j + k-2 gjj^]^ ^ 



x=0 



The determinant in (13) can be computed using the following identity 



1 



n sinh^ f3{j - k) 
j>k 



sinha(j + fc - 1) _ „2_„ 



nn 



sinh(a + (3{j — k)) 



fJik=i sinh/3(j + k-l) 



(12) 



(13) 



(14) 



(see |10| for the proof). The determinant (|T3|) is a particular case of (|T^. Indeed, we can 
consider the case /? = 3a, a ^ 0, and apply ( [T^ ) for xj = aj , yk = a{l — k). Then, 



m—l 



n (n!)"'det. 



n=0 



Qj+k-2 sinhf' 
Qrj.j+k-2 gjj^j^ 3x 



nn 

j=i fe=i 



j + - 1 



, m —m m4-' 

-1)^^3 2 



(3fc + l)! 
(m + A;)!' 



A:=0 



Substituting these expressions into (p^), we finally obtain 

(3A; + 1)! 



r(m) 



2 \ ni-l 



(15) 



(16) 



Observe that the quantity Am = IlfeLo (^^ + l)!/(m + /c)! is the number of alternating sign 
matrices of size m [11|. Using 

r(3z) = ^3'^~'/^T{z)T{z + l/3)T{z + 2/3), r(A; + 1/2) = ^(2A; - 1)!!, (17) 



one can easily check the equivalency of (|T^) and (0). Thus (pi) is proved. 
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with 



The asymptotic behavior of T{m) for m ^ oo can be evaluated using the Stirhng formula 

(18) 

(19) 



T[m) c — 



m 36 , m ^ oo, 



c = exp 



°° / 5e"* sinh || sinh ]^ \ fit 



\ 36 



sinh 



2 t 
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